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1 Introduction

In this talk, we consider the following initial value problem of the time dependent Schrödinger
equations, {

i∂tu + 1
2
△u − V (t, x)u = 0, (t, x) ∈ R × R

n,

u(0, x) = u0(x), x ∈ R
n,

(1)

where i =
√
−1, u : R × R

n → C, △ =
∑n

j=1
∂2

∂x2
j

and V (t, x) is a real valued function.

We shall determine the wave front sets of solutions to the Schrödinger equations (1)
with a sub-quadratic potential V (t, x) by using the representation of the Schrödinger
evolution operator of a free particle introduced in [9] via the wave packet transform which
is defined by A. Córdoba and C. Fefferman [1]. In particular, we determine the location of
all the singularities of the solutions from the information of the initial data. Wave packet
transform is called short time Fourier transform in several literatures([7]).

We assume the following assumption on V (t, x).

Assumption 1.1. V (t, x) is a real valued fuction in C∞(R × R
n) and there exists ρ < 2

such that for all multi-indices α,

|∂α
x V (t, x)| ≤ C(1 + |x|)ρ−|α|

holds for some C > 0 and for all (t, x) ∈ R × R
n.

Let ϕ ∈ S(Rn)\{0} and f ∈ S ′(Rn). We define the wave packet transform Wϕf(x, ξ)
of f with the wave packet generated by a function ϕ as follows:

Wϕf(x, ξ) =

∫

Rn

ϕ(y − x)f(y)e−iyξdy, x, ξ ∈ R
n.
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In the previous paper [9], we give the representation of the Schrödinger evolution
operator of a free particle, which is the following:

Wϕ(t)u(t, x, ξ) = e−
i
2
t|ξ|2Wϕ0u0(x − ξt, ξ), (2)

where ϕ(t) = ϕ(t, x) = ei(t/2)△ϕ0(x) with ϕ0(x) ∈ S(Rn)\{0} and Wϕ(t)u(t, x, ξ) =
Wϕ(t,·)(u(t, ·))(x, ξ). In the following, we often use this convention Wϕ(t)u(t, x, ξ) =
Wϕ(t,·)(u(t, ·))(x, ξ) for simplicity.

In order to state our results precisely, we prepare several notations. For ϕ0(x) ∈ S(Rn),

we put ϕ(t)(x) = ei(t/2)△△ϕ0(x) and ϕ
(t)
λ (x) = ϕ(λt)(λ1/2x) for λ ≥ 1. For (x0, ξ0) ∈

R
n × R

n\{0}, we call a subset V = K × Γ of R
2n a conic neighborhood of (x0, ξ0) if K is

a neighborhood of x0 and Γ is a conic neighborhood of ξ0 (i.e. ξ ∈ Γ and α > 0 implies
αξ ∈ Γ). For λ > 0 and (x, ξ) ∈ R

n×R
n, let x(s; t, x, λξ) and ξ(s; t, x, λξ) be the solutions

to {
ẋ(s) = −ξ(s), x(t) = x,

ξ̇(s) = ∇V (s, x(s)), ξ(t) = λξ.
(3)

The following theorem is our main result.

Theorem 1.2. Let u0(x) ∈ L2(Rn) and u(t, x) be a solution of (1) in C(R; L2(Rn)).
Then under the assumption 1.1, (x0, ξ0) /∈ WF (u(t, x)) if and only if there exists a conic

neighborhood V = K × Γ of (x0, ξ0) such that for all N ∈ N and for all a ≥ 1 there exists

a constant CN,a > 0 satisfying

|W
ϕ

(−t)
λ

u0(x(0; t, x, λξ), ξ(0; t, x, λξ))| ≤ CN,aλ
−N

for λ ≥ 1, a−1 ≤ |ξ| ≤ a and (x, ξ) ∈ V .

Remark 1.3. K. Yajima [15] shows that the fundamental solution is not smooth anywhere
with respect to x for t > 0 in one space dimension, if V (t, x) is super quadratic.

Remark 1.4. W
ϕ

(−t)
λ

u0(x, ξ) is the wave packet transform of u0(x) with a window function

ϕ
(−t)
λ (x).

Remark 1.5. In [10], the authors investigate the wave front sets of solutions to Schrödinger
equations of a free particle and a harmonic oscillator via the wave packet transformation.

Corollary 1.6. If ρ < 1, then (x0, ξ0) /∈ WF (u(t, x)) if and only if there exists a conic

neighborhood V = K × Γ of (x0, ξ0) such that for all N ∈ N and for all a ≥ 1 there exists

a constant CN,a > 0 satisfying

|W
ϕ

(−t)
λ

u0(x − λtξ, λξ)| ≤ CN,aλ
−N

for λ ≥ 1, a−1 ≤ |ξ| ≤ a and (x, ξ) ∈ V .
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W. Craig, T. Kappeler and W. Strauss [2] have treated this smoothing property mi-
crolocally. They have shown for a solution of (1) that for a point x0 6= 0 and a conic
neighborhood Γ of x0, 〈x〉ru0(x) ∈ L2(Γ) implies 〈ξ〉rû(t, ξ) ∈ L2(Γ′) for a conic neigh-
borhood of Γ′ of x0 and for t 6= 0, though they have considered more general operators.
Several mathematicians have shown this kind of results for Schrödinger operators [4], [5],
[11], [13], [14].

A. Hassell and J. Wunsch [8] and S. Nakamura [12] determine the wave front set of the
solution by means of the initial data. Hassell and Wunsch have studied the singularities
by using “scattering wave front set”. Nakamura has treated the problem in semi-classical
way. He has shown that for a solution u(t, x) of (1) and h > 0 (x0, ξ0) /∈ WF (u(t))
if and only if there exists a C∞

0 function a(x, ξ) in R
2n with a(x0, ξ0) 6= 0 such that

‖a(x + tDx, hDx)u0‖ = O(h∞) as h ↓ 0. On the other hand, we use the wave packet
transform instead of the pseudo-differential operators.

2 Outline of the proof of Theorem 1.2

In order to prove Theorem 1.2, we introduce the definition of wave front set WF (u) and
the characterization of wave front set by G. B. Folland [6].

Definition 2.1 (Wave front set). For f ∈ S ′(Rn), we say (x0, ξ0) 6∈ WF (f) if there exist
a function a(x) in C∞

0 (Rn) with a(x0) 6= 0 and a conic neighborhood Γ of ξ0 such that for
all N ∈ N there exists a positive constant CN satisfying

|âf(ξ)| ≤ CN(1 + |ξ|)−N

for all ξ ∈ Γ.

To prove Theorem 1.2, we use the following characterization of the wave front set by
G. B. Folland [6]. Let ϕ ∈ S satisfying

∫
xαϕ(x)dx 6= 0 for some multi-index α. For fixed

b with 0 < b < 1, we put ϕλ(x) = λnb/2ϕ(λbx).

Proposition 2.2 (G. B. Folland [6, Theorem 3.22] and T. Ōkaji [13, Theorem2.2]). For

f ∈ S ′(Rn), we have (x0, ξ0) 6∈ WF (f) if and only if there exist a conic neighborhood K
of x0 and a conic neighborhood Γ of ξ0 such that for all N ∈ N and for all a ≥ 1 there

exists a constant CN,a > 0 satisfying

|Wϕλ
f(x, λξ)| ≤ CN,aλ

−N

for λ ≥ 1, a−1 ≤ |ξ| ≤ a, x ∈ K and ξ ∈ Γ.

Remark 2.3. Folland [6] has shown that the conclusion follows if the window function
ϕ is an even and nonzero function in S(Rn) and b = 1/2. In Ōkaji [13], the proof of
Proposition 2.2 for b = 1/2 is given.
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Remark 2.4. Folland [6] and Ōkaji [13] have proved for b = 1/2. It is easy to extend for
0 < b < 1.

Outroof of Theorem 1.2. The initial value problem (1) is transformed by the wave packet
transform to





(
i∂t + iξ · ∇x − i∇xV (t, x) · ∇ξ − 1

2
|ξ|2 − Ṽ (t, x)

)
×

Wϕ(t)u(t, x, ξ) = Ru(t, x, ξ),

Wϕ(0)u(0, x, ξ) = Wϕ0u0(x, ξ),

(4)

where Ṽ (t, x) = V (t, x) −∇xV (t, x) · x and

Ru(t, x, ξ) =
∑

j,k

∫
ϕ(y − x)Vjk(t, x, y)(yj − xj)(yk − xk)u(t, y)e−iξydy

with Vjk(t, x, y) =
∫ 1

0
∂j∂kV (t, x + θ(y − x))(1 − θ)dθ. Solving (4), we have the integral

equation

Wϕ(t)u(t, x, ξ) = e−i
R t

0 {
1
2
|ξ(s;t,x,ξ)|2+eV (s,x(s;t,x,ξ))}dsWϕ0u0(x(0; t, x, ξ), ξ(0; t, x, ξ))

− i

∫ t

0

e−i
R t

s
{ 1

2
|ξ(s1;t,x,ξ)|2+eV (s1,x(s1;t,x,ξ))}ds1Ru(s, x(s; t, x, ξ), ξ(s; t, x, ξ))ds,

where x(s; t, x, ξ) and ξ(s; t, x, ξ) are the solutions of

{
ẋ(s) = ξ(s), x(t) = x,

ξ̇(s) = −∇xV (s, x(s)), ξ(t) = ξ.

For fixed t0, we have

W
ϕ

(−t0)
λ

(t)
u(t, x(t; t0, x, λξ), ξ(t; t0, x, λξ))

= e−i
R t

0 {
1
2
|ξ(s;t0,x,λξ)|2+eV (s,x(s;t0,x,λξ))}dsW

ϕ
(−t0)
λ

u0(x(0; t0, x, λξ), ξ(0; t0, x, λξ))

+ i

∫ t

0

e−i
R t

s
{ 1

2
|ξ(s1,t0,x,λξ)|2+eV (s1,x(s1;t0,x,λξ))}ds1Ru(s, x(s; t0, x, λξ), ξ(s; t0, x, λξ))ds, (5)

substituting (x(t; t0, x, λξ), ξ(t; t0, x, λξ)) and ϕ
(−t0)
λ (x) for (x, ξ) and ϕ0(x) respectively.

In order to prove the equivalence of the statements in Theorem 1.2, for some neigh-
borhood K of x0 and some conic neighborhood Γ of ξ0, it suffices to show that the
following assersion P (σ) = P (σ, ϕ0, K, Γ) holds for all σ ≥ 0 and for all ϕ0 ∈ S satisfying
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∫
xαϕ0(x)dx 6= 0 for some α under the condition that (x0, ξ0) /∈ WF (u(t, x)).

P (σ) = P (σ, ϕ0, K, Γ): ”There exists a constant Cδ,a > 0 such that

|W
ϕ

(−t0)
λ

(t)
u0(x(0; t0, x, λξ), ξ(0; t0, x, λξ))| ≤ CN,aλ

−σ

for all x ∈ K, all ξ ∈ Γ with 1/a ≤ |ξ| ≤ a, all λ ≥ 1 and 0 ≤ t ≤ t0. “
We put b = min((2− ρ)/2, 1/2). Under the condition (x0, ξ0) /∈ WF (u(t, x)), we show

that

(1) P (0) holds for all ϕ0 ∈ S satisfying
∫

xαϕ0(x)dx 6= 0 for some α.

(2) For all σ ≥ 0, P (σ + b) holds for all ϕ0 ∈ S satisfying
∫

xαϕ0(x)dx 6= 0 for some α
under the assumption that P (σ) holds.

References

[1] A. Córdoba and C. Fefferman, Wave packets and Fourier integral operators, Comm.
Partial Differential Equations 3 (1978), 979–1005.

[2] W. Craig, T. Kappeler and W. Strauss, Microlocal dispersive smoothing for the

Schrödinger equations, Commun. Pure and Appl. Math. 48 (1995), 760–860.

[3] J.-M. Delort, F.B.I. transformation. Second microlocalization and semilinear caustics.
Lecture Notes in Mathematics, 1522. Springer-Verlag, Berlin, 1992.

[4] S. Doi, Smoothing effects for Schrödinger evolution equation and global behavior of

geodesic flow, Math. Ann. 318 (2000), 355–389.

[5] S. Doi, Commutator algebra and abstract smoothing effect, J. Funct. Anal. 168 (1999),
428–469.

[6] G. B. Folland, Harmonic analysis in phase space, Prinston Univ. Press, 1989.
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